This paper combines the newsboy problem with the cooperative advertisement problem in the presence of uncertain demand which depends on retail price as well as both local and national advertising expenditures to coordinate pricing, ordering, and advertising decisions in a manufacturer-retailer supply chain. A game theoretic approach is adopted to determine the equilibrium values of the decisions. Three different game scenarios based on the newsboy problem model are developed and analyzed: 1) Stackelberg manufacturer game in which manufacturer as the dominant power plays the role of leader in the market and the follower retailer makes its own best decisions after observing the leader decisions, 2) Nash game wherein both manufacturer and retailer have equal power in the market and make their decisions simultaneously to find their own best strategies and 3) centralized scenario in which retailer and manufacturer make the best decisions by information sharing and joint cooperation. The equilibrium decisions are obtained exactly in the three scenarios. Some corollaries are also presented and theoretically proved to show the relationships among the variables in centralized vs. decentralized supply chain. Finally, some numerical examples are randomly generated and a sensitivity analysis is carried out to show capabilities of the proposed models.
1-Introduction
The newsboy problem is a mathematical model to optimize the inventory levels. The supply chain outlook, the need for expanding into new markets and the decline in demand has forced production and operations management to explore profit of the entire supply chain and make coordinated ordering decisions among all supply chain members. In this regard, pricing and advertising are effective tools for making coordination among the separate property companies as independent members. Decisions in a supply chain can be made in either centralized or decentralized manner. In a centralized structure, a central authority is responsible for coordinating supply chain activities to optimize the entire supply chain performance whereas in a decentralized scheme, the different entities compete with each other to improve their individual performance. In the latter case, making coordinated decisions is an imperative issue which is usually dealt with a game theoretic approach. In the decentralized arrangement, different members may be able to simultaneously optimize both their individual and the whole supply chain performance through coordinating their strategies.
Cooperative advertising between manufacturer and retailer is an interactive relationship in which the manufacturer pays a proportion of the advertisement expenditures in order to achieve higher potential market share, build brand equity and create motivation at the retail level while the retailer pays for local advertising costs in order to increase the local demand [1] . In fact, each member undertakes to pay a part of advertising costs for different objectives. Berger [2] carried out the first study on a two-member supply chain wherein a retailer was given a discount on the wholesale price from a manufacturer as a cooperative advertisement. Thenceforth extensive researches are conducted on cooperative advertising in two-echelon supply chains. Aust and Buscher [3] conducted a comprehensive review of articles published on cooperative advertising in supply chains since 40 years ago. In addition to retail advertising expenditures, cooperation rate with the aim of maximizing total supply chain profit and making coordination among members has been an important issue. In this regard, Huang and Li [4] included investment in advertising as well as local and national advertising expenditures in their model while taking bargaining and members' risk attitudes into account. They addressed the shift of power from wholesaler to retailer in new markets like Walmart and developed three game models including a Stackelberg manufacturer game, a Stackelberg retailer game and a cooperative game to examine the cooperative advertising efficiency with respect to transactions between wholesaler and retailer through brand name investments.
Pricing problem, that includes determining retailer and wholesaler prices, is another important decision in supply chain coordination. In most studies regarding advertisement decisions, it is assumed that demand is only a function of advertising expenditures which is not influenced by retail price. However, making pricing decisions is the core task in marketing and distribution channels where pricing and advertising costs conflict with each other in the way of attaining supply chain coordination [5] . With the increasing role of game theory in analyzing supply chain approach, a great body of literature has investigated the role of advertising and pricing in the balance of power among members using game theoretic approaches. Karray and Amin [6] considered cooperative advertising in a network of competing retailers. In their work, the effects of cooperative advertising under two game scenarios (with and without cooperation) were evaluated while both price and advertising costs were considered as decision variables. They showed that in supply chains when retailers are in competition for low price levels and high advertising, the cooperative advertising may not be profitable for the retailer or the network. Yan et al. [7] studied the value of manufacturer's cooperative advertising and its strategic impact on information sharing between the manufacturer and the retailer under demand uncertainty. They indicated that information had a remarkable effect on both retailer and manufacturer decisions for investing in advertisement. Thus, they concluded that using an advertising agency could contribute to better information sharing and eliminating information distortion while helped both members make the optimal investing decisions. Jorgensen and Zaccour [8] studied game-theoretic models of cooperative advertising in both static and dynamic environments. Their research included two main parts. In the first part, a simple manufacturer-retailer supply chain is studied while in the second part, more complex supply chains with more than one supplier and retailer with horizontal interactions are investigated. Alirezae and Khoshalhan [9] investigated optimal pricing, optimal advertising expenditures and cooperative advertising decisions in a two-echelon supply chain. They employed Nash game, Stackelberg manufacturer game, Stackelberg retailer game and cooperative game for analyzing the supply chain. Finally, the best settings for achieving coordination was determined using a bargaining model.
There are several researches on the joint area of pricing and advertising decisions. He et al. [10] developed a new contract scheme in a two-echelon supply chain when demand is influenced by both retail price and advertising costs. The proposed scheme was a combination of return policy and revenue sharing contract embodied sales rebate and penalty. They showed that in the proposed situation achieving win-win situation is possible. Szmerekovsky and Zhang [11] studied pricing decisions in a manufacturer-retailer supply chain when demand was stochastic and was influenced by both retail price and advertisement. The model was then analyzed by three games including Stackelberg, Nash and cooperative game. The obtained results indicated that in a two-tier distribution channel, local advertising costs was not appropriate for making decisions. Instead, national advertisements by the manufacturer along with a wholesale price discount to the retailer could produce superior results. Xie and Neyret [12] and Xie and Wei [5] followed the same approach and analyzed the effects of changing price and advertising functions under Stackelberg, Nash and cooperative games. Chen [13] examined the effects of advertisement with return policy for a sales problem in a manufacturer-retailer supply chain to determine the values of inventory and advertising decision variables in both cooperative and non-cooperative situations. SeyedEsfahani et al. [14] investigated the role of coordination in a two-echelon supply network with advertising and price dependent demand using four game scenarios of cooperative game, Nash equilibrium, Stackelberg manufacturer game and Stackelberg retailer game. The authors concluded that in the cooperative condition, advertisements play a strategic role in making critical decisions. A non-linear demand function was applied in the model. Dridi and Youssefi [1] considered a supply chain with competing retailers and a demand dependent on both price and national advertising expenditures. Three games including full cooperative, parallel cooperative and non-cooperative games were developed to assess the surplus of customer demands. Also, they considered a new linear additive form of demand function in a cooperative advertising supply chain consisting of a monopolistic manufacturer and two competing retailers. In order to maximize total profit, three game scenarios were presented and the profits were compared. Naimi Sadigh et al. [15] took into account a multi-echelon distribution channel consisting of multiple suppliers, one manufacturer and several retailers while demand is affected by both price and advertisement. They used a non-cooperative Nash game to obtain the optimal values of decision variables including economic order quantity, price, inventory level, and advertising expenditures.
There are many articles that study the coordination of pricing and advertising decisions, albeit few of them have explored the uncertainty. Choi [16] suggested that changing the demand function can yield different outcomes. Aust [17] analyzed cooperative advertising model and pricing decisions by four game theoretic scenarios including Nash game, Stackelberg manufacturer game, Stackelberg retailer game and cooperative game. The authors extended the existing models and took the role of bargaining and risk into account. It was shown that in the cooperative condition total profit is maximized. Moreover, they showed 4 that customer satisfaction could be enhanced by decreasing price and increasing advertising expenditures provided that a coordinated structure between the manufacturer and retailer be present. Ke et al. [18] studied pricing competition in a two-echelon supply chain consisting of one manufacturer and two competing retailers while the manufacturing costs, sales costs, and market bases are all characterized as uncertain fuzzy variables. They investigated the equilibrium behaviors of the supply chain members in three decentralized game models.
<<Insert Table 1 >> Table 1 compares the general settings of this paper with the related literature. As can be seen in table 1, the combination of newsboy problem and cooperative advertisement, to determine joint ordering and advertising decisions, has been rarely studied in the related literature (e.g. [20] and [21] ). Amirtaheri et al. [20] studied a joint pricing, ordering and cooperative advertising problem in a bi-level decentralized supply chain consisting of one manufacturer and one distributer considering a deterministic demand function. Zhou et al. [21] addressed a joint cooperative advertising and ordering problem in a two-echelon supply chain consisting of a risk-averse leader manufacturer and a risk-averse follower retailer. They assumed a random demand which depends on the manufacturer's global advertising as well as the retailer's local advertising. However, their proposed demand function has not considered the pricing impacts. The simultaneous relationship between the manufacturer and the retailer was also neglected. The main contribution of this paper is combining the newsboy problem and the cooperative advertisement problem considering stochastic demand to coordinate ordering, pricing, and advertising decisions in a two-echelon supply chain. For this purpose, we present a new additive demand function which depends on retail price as well as both local and national advertising expenditures and affected by a random factor with a uniform distribution. Three different scenarios are analyzed: 1-the centralized scenario, in which the retailer and the manufacturer cooperate and make the global best decisions, 2-the manufacturer-leader Stackelberg scenario in which the manufacturer as the dominant power plays the role of the leader and makes his decisions first. Then the retailer as the follower choose his own best strategies after observing the leader decisions, 3-the Nash game scenario wherein both the manufacturer and the retailer have the same power and make their decisions simultaneously. The rest of the paper organized as follows. In section 2, the main assumptions of the under studied problem are stated and the notations are introduced. The problem under centralized channel scenario is modeled in section 3 and the optimal decisions are calculated. Section 4 presents the mathematical models of the problem under two decentralized channel scenarios and the equilibrium decisions are obtained. In section 5, some numerical examples are randomly generated and the results are discussed. A sensitivity analysis is also carried out on main parameters of the proposed demand function. Eventually, section 6 is devoted to concluding remarks.
2-Problem Definition
Consider a single-product two-echelon supply chain including one manufacturer and one retailer. Demand is dependent on both price and advertising expenditures and the retailer is able to boost product demand by price discount offers and/or advertisement. On the contrary, advertisement expenditures reduce the retailer profit which is a demotivating factor from the retailer's viewpoint. As a result, the manufacturer 5 undertakes to pay for a proportion of advertising costs in order to inspire the retailer to advertise its products and stimulate product demand throughout the chain that can improve the retailer's profit margin as well. Moreover, it is assumed that demand is stochastic. In other words, demand not only is influenced by both pricing and advertising decisions but also is affected by a stochastic factor.
The problem concerned in this study takes into account the assumptions of newsboy model. The objective is to determine the optimal values of key decision variables in a two-echelon supply chain for which establishing coordination between members is sought. The key variables include economic order quantity, the manufacturer's and retailer's participation rates in advertising expenditures and both the retail price and the wholesale price. In the newsboy problem, before the sales period, the retailer decides on retail price, local advertising costs, and its economic lot size while the manufacturer determines the national advertising expenditures and the wholesale price.
2-1-Assumptions
The following assumptions are considered for the manufacturer's and retailer's models:
1-The channel produces a single commodity. 2-The demand of the commodity is considered as a function which depends linearly on retail price and nonlinearly on local and national advertising expenditures. 3-The demand is stochastic. 4-Ordering decisions follow the assumptions of newsboy problem. 5-The planning horizon is single period and the surplus inventory at the end of this period has no salvage value. 6-No shortage is allowed.
2-2-Notations
The following notations are used to formulate the problem.
Cumulative distribution function of demand () Fx
Probability density function of demand It is assumed that demand function is an additive stochastic function which is dependent on price and both local and national advertising expenditures and is defined as follows.
() fx
Where, () dp shows demand dependency on retail price and is defined as a linear function () d p a bp  in which a is the market scaling factor, b is the price elasticity of demand coefficient and ( , ) h n e represents the dependency between advertising expenditures and demand and is given by According to the notations and problem assumptions explained above, in the following sections, the problem is modeled and the optimal values of decision variables are explored for three different power scenarios.
3-Centralized Channel
In this scenario, the manufacturer and the retailer completely cooperate together and form an integrated centralized supply chain. In this condition, the global optimum solution of the system is obtained by maximizing total profit of the entire supply chain while no motivation obstacle is in the way of obtaining the solution. The profit function of the entire supply chain is formulated as follows:
Ez  is computed as follows:
where () z  is given by:
As a result, the profit function of the entire supply chain in the centralized scenario is rewritten like this:
In the centralized situation, the supply chain's total profit function is pseudo-concave.
Proof: See Appendix A.
The optimal values of manufacturer's and retailer's decision variables are calculated through taking derivatives of the profit function.
Then, through solving a two-equation system with two variables considering equations (9) and (10) for the given z and p, the optimal value z  is obtained as follows: (11) holds for optimal value of z  , the optimal values of the other decision variables including retail price, lot size, the retailer's local advertising expenditures and the manufacturer's national advertising costs could be obtained. The optimal retail price is given in equation (12) The optimal value of the manufacturer national advertising expenditures can be calculated through the same approach:
Finally, the optimal value of the ordering lot size is:
4-Decentralized Channel
In this section, we study the problem in a decentralized channel where manufacturer and retailer decide on their strategies regarding to their individual profits. Two different scenarios are considered: The Stackelberg manufacturer-leader game and the Nash equilibrium game.
4-1-Stackelberg Manufacturer-Leader Equilibrium
In this scenario, the manufacturer as the leader makes its own decisions in the beginning. Subsequently, the retailer as the follower chooses the best reaction to the manufacturer's strategy and decides on the variables under its control. Hence, the problem model in the Stackelberg game scenario is a bi-level programming model while the manufacturer sub-model and the retailer sub-model are in the higher and the lower levels, respectively. 
Lemma 2: The retailer's profit function is pseudo-concave according to the retailer's decision variables.
Proof: See Appendix B.
Taking Lemma 2 into account, it is concluded that the optimal values of the retailer's decision variables including retail price, local and national advertising costs and economic order quantity uniquely exist and are calculated in the following manner: 
Thus, we can get that:
Incorporating the optimal values of the retailer's decision variables into the manufacturer's model, the manufacturer's profit function can be rewritten in the following way:
Lemma 3: In Stackelberg game, the manufacturer's profit function is pseudo-concave with respect to the manufacturer's decision variables.
Proof: See Appendix C. Considering the concavity property of the manufacturer's profit function, one can obtain the optimal decisions of the manufacturer by taking derivatives of the manufacturer's profit function with respect to its decision variables. 
The optimal values of retail price, local and national advertising expenditures and economic order quantity can be computed by solving the Stackelberg model as follows. 
4-2-Nash Equilibrium
It is assumed in this scenario that the manufacturer and the retailer are separate property companies that independently take their strategies without cooperation. Moreover, the manufacturer and the retailer have equal power in the market and reveal their decisions to the market at the same time. In this situation, both players concurrently pursue the maximization of their individual profits while the supply chain's total profit is ignored. Thus, the Nash equilibrium solution is obtained when the profit functions of both players are maximized simultaneously.
The optimality conditions of the manufacturer's sub-model:
Using the variable change z in relation (3), the manufacturer's profit function can be formulated as follows:
Considering Lemma 3, because of the concavity property of the manufacturer's profit function, the optimal values of the manufacturer's decision variables can be obtained by setting partial derivatives of the profit function with regard to decision variables equal to zero.
The derivative relation cannot be used for computing the optimum wholesale price. Thus, it is assumed that the wholesale price w equals the production cost C multiplied by a constant factor  . In other words, 
Regarding Lemma 2, since the retailer's profit function is concave, the optimal values of the retailer's decision variables are accessible through setting partial derivatives of the profit function with regard to decision variables equal to zero: As a result, the Nash equilibrium point of the problem is obtained through solving both the manufacturer's and retailer's sub-models, simultaneously. The calculation is shown below.
Comparing the obtained solutions of the decentralized channels with those of the centralized channel, the following outcomes are achieved:
e e n n p p and
Corollary 1 indicates that in the decentralized channels (Stackelberg Manufacturer-Leader and Nash scenarios) retail price value is always greater than its value in the centralized channel scenario. In fact, the retailer is able to decrease retail price because he does not have to pay wholesale price to the manufacturer
under the centralized scenario. Besides, both local and national advertising expenditures of the decentralized channels are lower than those of the centralized channel. The reason is the competition between manufacturer and retailer in the decentralized scenarios which makes the two parties have no interest in raising their own share of advertising. As a result, the whole supply chain earns more demand and consequently more profit in the centralized channel which leads to an increase in the economic order size.
Corollary 2:
Corollary 2 implies that the retailer always has to spend a greater share of advertising expenditure to increase the demand and consequently his individual profit under the decentralized channel scenarios, while the manufacturer gets motivated to spend more on advertising in the centralized channel to increase profit of the whole supply chain. Thereupon, the proportion of local advertising expenditure to national advertising expenditure in the decentralized channel scenarios is always lower than those of the centralized scenario.
Corollary 3:
Corollary 3 shows that the greater the national/local advertising elasticity of demand the more national/local advertising expenditures by the manufacturer/retailer in a decentralized channel. Moreover, when demand is elastic an increase in the advertising expenditures of the two parties leads to increasing total demand. In consequence, the retailer orders more because selling a higher quantity. In the other words, a uniform increment in k 1 and k 2 results in the increment in national and local advertising expenditures, respectively. This outcome can be also extended to the centralized channel. Since the factor β determines the profit margin of the manufacturer, corollary 4 indicates that the more margin the manufacturer chooses the higher is the wholesale price and therefore the higher is the price that the retailer can offer. It means an increment in β leads to the increment in wholesale as well as retail prices.
Bringing together all we discussed above, Table 2 shows the optimal values of decision variables including retail price, wholesale price, local and national advertising expenditures and the economic order quantity for the optimum solutions of the three considered games i.e., the Stackelberg game, the Nash equilibrium and the centralized channel scenario.
<<Insert   . The other parameters are randomly selected from the defined ranges provided in Table 3 . The optimum solutions for the five problem instances presented in Table 4 are calculated for the three scenarios (manufacturer-leader, Nash and centralized channel) and are shown in Table 5 .
<<Insert Table 3 >>   <<Insert Table 4 >>   <<Insert Table 5 >> Considering the results summarized in table 5, we can discuss the influence of scenario on the prices, the local and the national advertising expenditures, and the profits. the highest retail prices occur at both the Manufacturer-Leader and Nash equilibria, whereas the lowest retail prices occur for centralized channel. Comparing the two decentralized scenario, higher retail prices often happen at Manufacturer-Leader equilibria due to the fact that the manufacturer as the leader imposes higher wholesale prices to the retailer who consequently has to set high retail prices. In terms of the local and the national advertising expenditures, they are the highest under the centralized scenario. Considering the two decentralized scenarios, the retailer's local advertising expenditure is higher at the Manufacturer-Leader equilibria compared to the Nash equilibria because the retailer has the lower position in the channel. It is worth mentioning when the advertising elasticity coefficient is equal for both the manufacturer and the retailer (instance 1), the advertising expenditure is divided equally between the two parties under centralized scenario, but the retailer yet has to spend significantly more share on advertising at the Manufacturer-Leader equilibria.
Comparing the retailer's profit under different scenarios, the retailer gains the lowest profit being the manufacturer's follower. On the other hand, the manufacturer's profit under decentralized scenarios varies based on the value of the constant β. When the manufacturer and the retailer cooperate, the whole supply chain always gains the highest profit. In order to compare the supply chain's efficiency of the Nash and the Manufacturer-Leader equilibria against the global optima of the centralized case, a deviation value is defined as Equation (51). Table 6 illustrates the values of for the five problem instances. We notice that the amount of improvement that the cooperation of the manufacturer and the retailer yields can be influenced by the parameters of the demand function. Nevertheless, the benefits of cooperation are often higher when the two parties do not have the same power position. 15 <<Insert Table 6 >>
Sensitivity analysis
Here, a sensitivity analysis is performed to show the impacts of the changes in the main parameters of the proposed demand function on the model outcomes.
First, we analyze how sensitive the value of national advertising expenditure is by the changes in demand elasticity parameter 1 k while keeping the other parameters constant. Figure 1 indicates that increasing 1 k motivates the manufacturer to spend more on advertising and this motivation is always greater under Manufacturer-Leader scenario where the manufacturer acts as the leader and choose his strategies at first to maximize his profit.
<<Insert Figure 1 >> Second, in order to show the impact of local advertising expenditure elasticity of demand, we change 2 k while keeping the other parameters constant and illustrate the results in figure 2 . As expected, an increment in the value of 2 k makes the demand more elastic to local advertising expenditure and therefore the retailer raises his expenditure on advertising in order to get higher demand. Furthermore, the advertising share of the retailer is higher under the Manufacturer-Leader scenario in comparison with the simultaneous game scenario. The reason is that the retailer, as the follower, observing the decisions of the manufacturer as the leader and then does his best to increase his profit. Therefore, the retailer spends more on advertising in order to obtain more demand.
<<Insert Figure 2 >> Third, to analyze the sensitivity of the outcomes to the changes in price elasticity of demand, we increase the value of parameter b and depict the outcomes in figures 3 and 4. Figure 3 illustrates that the greater the parameter b is the lower price the retailer offers. When b is high the demand is more elastic to price, therefore the retailer has to reduce the price of commodity to gain more demand. As an immediate result, the whole supply chain earns less profit at a lower retail price. This result can be observed in all the three game scenarios. In fact, the retailer needs to reduce his costs to be able to offer lower retail price and therefore he spends less on local advertising. In a decentralized channel, the manufacturer competes with the retailer and sets lower national advertising expenditure in response to the retailer's strategies. Advertising expenditures drop due to price elasticity factor growth is also observed in centralized scenario. Under this scenario, the two parties agree on lower advertising expenditures to reduce the whole supply chain costs. In fact, low retail prices do not allow high expenditures on advertising. 
6-Conclusion
In this paper, coordination of supply chain decisions in a manufacturer-retailer network was investigated using three different game theoretic approaches including Stackelberg manufacturer game, Nash game and centralized scenario. Afterwards, the retail price, the wholesale price, economic order quantity, the optimal retailer advertising costs, and the manufacturer national advertising expenditures were determined in newsboy model. Demand was defined to be stochastic and influenced by both retail price and advertising expenditures. The equilibrium solutions were obtained exactly in three different market structures. Some corollaries are presented and theoretically proved to show the relations between optimal decision variables in centralized vs. decentralized scenarios.
The obtained results showed that an increase in demand elasticity coefficient leads to remarkable reductions in the retail price, the economic order quantity, local and national advertising expenditures and the supply chain's profit. On the other hand, both local and national advertising costs are increased when advertising function coefficient is also increased. The ratio of national advertising costs to local advertising costs under the centralized channel condition is higher than that of the Stackelberg or Nash games. In fact, the proportion of advertising expenses in centralized channel is more than that of its rivals. Also, it was found that in the centralized structure advertising expenditures are always higher than the decentralized setting. In centralized structure, the order quantity is higher than the decentralized state while it's lower for the retail price. However, the profit of members in centralized scenario is always more than the proposed Nash and Stackelberg games.
As suggestions for future research, one can consider other types of contracts such as revenue sharing contract and return policy using the newsboy problem approach with stochastic demand. Besides, applying Stackelberg retailer game to a three-tier supply chain with advertising and price dependent demand when the manufacturer is the dominant power can be an interesting research area. Table 5 . The equilibrium solution in the three game settings Table 6 . Improvement of supply chain benefit in centralized scenario 
